Events with tagged photons in the process of electron-positron annihilation into hadrons are considered. We suggest to utilize the initial state radiation to scan with energy the hadronic cross-section at meson factories. QED radiative corrections are taken into account. The results for the total and partial cross-sections are presented in an analytic form, and some numerical estimations are given.
Introduction
Experiments with tagged photons, radiated from the initial state in electron-proton and electron-positron collisions, can become particularly attractive. The reason is that these radiative processes allow to extract an information about the final state at continuously varying values of the collision energy. In Ref. [1] it has been suggested to utilize radiative events instead of running a collider at reduced beam energies to investigate deep inelastic scattering. The method takes advantages of a photon detector (PD) placed in the very forward direction, as seen from the incoming electron beam. The effective beam energy for each radiative event is determined from the energy of hard photon, which is observed in PD. In fact, radiative events were already used in measurements of the structure function F 2 down to Q 2 ≥ 1.5 GeV 2 [2] . the corresponding theoretical activity is connected with calculations [3, 4] of QED radiative corrections to the radiative Born cross-section. A utilization of radiative events can become a common type of investigations at various machines.
In this paper we obtain concrete formulae for spectrum of tagged photons calculated with per-mille accuracy. They can be used at electron-positron colliders to investigate hadronic final states at intermediate energies. A measurement of the total hadronic crosssection at low energies is essential for high precision tests of the Standard Model, particularly for a precise determination of the fine structure constant α QED (M Z ) and muon anomalous magnetic moment (g − 2) µ . Now the main error in the determination of these quantities arises due to missing high precision (on the level of a few per mille) measurements of the total hadronic cross-section in electron-positron annihilation at the center-of-mass energies of about few GeV.
Below we give an analytical expression for radiatively corrected cross-section of the electron-positron annihilation process
where H is a hadronic state. The hard photon, hitting the photon detector (PD), has momentum k and the energy fraction 1 − z, as compared with the beam energy. The photon detector is placed just along the electron beam direction, and has the opening angle 2θ 0 ≪ 1, such as ε 2 θ 2 0 ≫ m 2 , where m is electron mass, and ε is the beam energy. Our aim is to provide a description of the process within the theoretical accuracy of about one per mille. This requires an extended investigation of radiative corrections to the process.
The paper is organized as follows. In Section 2 we consider the cross-section of the process (1) in the Born approximation. We give formulae suitable to study as differential distributions in hadronic channels, as well as the total (in terms of quantity R) and inclusive (in terms of hadron fragmentation functions) hadronic cross-sections. In Sect. 3 we calculate separate contributions into radiatively corrected cross-section of process (1) within the nextto-leading accuracy. In Sect. 3.1 the contribution due to virtual and soft photon emission is investigated. In Sect. 3.2 the case, when additional hard photon hits a photon detector is considered. In Sect. 3.3 the contribution due to hard photon emission, which does not hit a photon detector is derived. In Sect. 4 we sum up all the contributions and give the final result. In Conclusion we generalize the result obtained in lowest order to include the contribution of higher orders of perturbation theory (PT), applying the structure function method. We also discuss the background process.
The Born approximation
In order to obtain the Born approximation for the cross-section of the process (1), when the PD is placed in front of electron (positron) beam, we can use the quasireal electron method [8] . It gives
where dW p 1 (k) is the probability to radiate photon with energy fraction 1−z inside a narrow cone with the polar angle not exceeding θ 0 ≪ 1 by the projectile electron, and dσ 0 is the differential cross-section of radiationless electron-positron annihilation to hadrons process at reduced electron beam energy. The form of both, dW p 1 (k) and σ 0 (p 1 −k, p 2 ) is well known:
We need further the general form of boosted along the beam axis (p 1 ) the lowest cross-section σ 0 of process e + (z 1 p 2 ) + e − (zp 1 ) → hadrons:
where q is the full 4-momentum of final hadrons, q j is 4-momentum of an individual hadron, s = 2p 1 p 2 = 4ε 2 is the full center-of-mass energy squared, and H ρσ is the hadronic tensor. The vacuum polarization operator Π(q 2 ) of the virtual photon with momentum q is known function which not specified here (see Ref. [9] ).
Tensors H ρσ and L ρσ obey the current conservation conditions: being converted with 4-vector q they become zero. The differential on the tagged photon energy fraction z crass section can be obtained by performing the integration on the hadrons phase space. It has the form dσ
Each hadronic state is described by its own hadronic tensor. The cross-section in the form of Eqs. (3,4) is suitable for different ones. As we mentioned above, it can be used to check different theoretical predictions.
The sum of the contributions of all hadronic channels by means of the relation
can be expressed in terms of the ratio of the total cross section for annihilation into hadrons and muons R = σ h /σ µ . For the µ + µ − final state we get f µ = q 2 /(6π), and so
Substituting this expression into the right hand side of Eqs.(3,4) results in replacement
In experiments of semi-inclusive type one fix hadron with 3-momentum q 1 energy ǫ 1 and mass M in every event and sum over all other ones. In this case instead of Eq.(6) we will have (similarly to the DIS case):
where we introduced two dimentionalless functions F 1 (η, q 2 ) and F 2 (η, q 2 ) in the way similar to the DIS case.
Introducing the dimentionless variable λ = 2qq 1 /(2zp 1 q 1 ), we can write the corresponding cross-section for radiative events in e + e − annihilation in the same form as in the case of deep inelastic scattering with tagged photon [4] :
Radiative corrections
Considering the radiative corrections (RC) to cross-sections (5) we will restrict ourselves only terms containing second and first powers of large logarithms, and omit the terms which do not contain them (leading and next-to-leading logarithmic approximation). In subsection 3.1 the contribution to RC from one-loop virtual photon emission as well as emission of soft real ones are considered. In 3.2 we consider the double hard photon emission process.
Corrections due to the virtual and real soft photons
The interference of Born and one-loop contributions to the amplitude of the initial state radiation in annihilation of e + e − into hadrons can be obtained from the similar quantity for the process of hard photon emission in electron-proton scattering [4] . We do that using the crossing transformation. The contribution from the emission of real soft photons can not be obtained from the scattering channel results. A straightforward calculation gives:
where λ is the photon mass, ∆ε is the energy carried by soft photon. The sum of both contributions is free from infrared singularities. It reads
where
k, ω are the 3-momentum and the energy of the hard photon. Tensors A ρσ , B ρσ have in general rather cumbersome form, which can be obtained from the corresponding expressions of paper [10] ; tensor B ρσ coincides with the one of the Born approximation. In the kinematical region, when the hard photon is emitted close to the initial electron direction of motion, the results are
where tensor L ρσ is given in Eq.(4), y 1 = 2kp 1 , and quantity A g reads
Further integration over the hard photon phase space can be performed within the logarithmic accuracy, using the integrals
The final expression for the Born cross section corrected due to emission of soft and virtual photons has the form
Two hard photons are tagged by the detector
If an additional hard photon emitted by the initial-state electron hits the PD, we cannot use the quasireal electron method and have to calculate the corresponding contribution starting from Feynman diagrams. We can use double hard photon spectra as given in Ref. [11] for annihilation diagrams only and write the cross-section under consideration as follows
Here variable x under integral sign is the energy fraction of one hard photon. The quantity 1 − z − x is the energy fraction of another hard photon provided their total energy fraction equals to 1 − z. We write index c 1 in the left hand side of Eq.(17) to emphasize that this contribution arises due to collinear kinematics, when the additional hard photon is emitted along the initial electron with 4-momentum p 1 . The integration in the right hand side of Eq.(17) leads to result
where the quantity P
Θ (z) represents so called Θ-term of the second-order electron structure function,
Additional hard photon is emitted outside PD
If an additional hard photon, emitted from the initial state, does not hit the PD situated in the direction of motion of the initial electron we distinguish the case when it is emitted in the direction close (within small cone with angle θ ′ ≪ 1) to the direction of the initial positron. In this case we obtain:
min /s, and M 2 min is the minimal hadron mass squared. We suppose that z ∼ 1.
We have introduced the additional auxiliary parameter θ ′ ≪ 1 which together with θ 0 separate the collinear and semi-collinear kinematics of second hard photon emission. Contrary to θ 0 which is supposed to determine the PD acceptance, θ ′ will disappear in total sum of contribution of collinear and semi-collinear kinematics of second photon emission. The last kinematical region gives:
The phase volume of the second photon is parametrized as:
Explicitly extracting the angular singularities we represent this expression as
4 Full QED correction for radiative events
The final result for radiative correction which is suitable for investigation of separate (partial) hadronic states can be written as follows:
where the last term is defined by Eq.(23) and
In Fig. 1 
Conclusion
In leading and next-to-leading logarithmic approximation the obtained result can be written down in the form
and the non-singlet structure function [7, 12] has the form
Result (25) agrees in the leading logarithmic approximation with the Drell-Yan form of a cross-section suggested in paper [7] : (31) Structure function D e + e − describes in particular the emission of pairs along positron direction.
The essential background arises from two photon mechanism of hadron production, where a neutral particle from a hadron jet hits the PD. Presumably, it can be ruled out using experimental cuts. We do not consider the possible contribution from annihilation through two virtual photons. This mechanism should be considered also as one of background process.
The formulae (25-27) are the main results of our paper. Estimation of unknown terms of kind (α/π) 2 L ∼ 10 −4 (compared to 1) permits us to say about the per-mille accuracy of these results.
Similar formulae can be obtained for an experimental set-up with tagging a definite hadron.
Using the meson factories such as BEPS, DAΦNE, VEPP, CLEO, SCAC-B/factory and others with luminosity of order 10 33 cm 2 s −1 , one can scan by means of measuring the initial Figure 2 : The radiative corrections to e + e − → hadrons with tagged photon.
state radiation spectrum the whole energy region of hadron production with an effective luminosity of order 2 · 10 31 cm 2 s −1 .
